Introduction
The study of duct flow for electrically conducting liquid metal fluids exposed to an externally applied magnetic field is acknowledged to be a good approach for a better understanding of the fundamental properties of magnetohydrodynamic (MHD) turbulence. This fundamental type of flow is frequent in industrial processes such as the casting/stirring of steel or the Czochralski process used to obtain single crystals of semiconductors [1, 2] .
The experimental study of the MHD pipe flow began in 1937 with Hartmann [3] . In the 60's-70's, numerous experiments [4, 5, 6] were conducted on several configurations (non conductive wall or with finite conductivity -transverse or longitudinal magnetic field). In the late 90's and early 2000's, numerical results began to appear [7, 8, 9] . Finally, in 2008, additional experimental results were obtained [10] for a Reynolds number Re b = 11, 300. In contrast, much more results were obtained in the case of a flow inside a rectangular/square duct. This is linked with the greater choice of the electrical conductivity of the walls. A combination of electrically conducting/non-conducting walls puts forward instability processes that do not occur (or not so easily) in the case of the pipe flow.
In this work, additional numerical results are analysed to improve the knowledge of MHD turbulence inside circular pipes subject to an external transverse uniform magnetic field. The following sections will detail the physical model, its numerical representation as well as the numerical results obtained for a Reynolds number Re b = 8000 and a Hartmann number 0 ≤ Ha ≤ 100.
Physical model
This work is concerned with the unsteady and incompressible flow of an electrically conducting and Newtonian fluid (i.e. a liquid metal) inside a pipe of circular cross-section and diameter d = 2R (see Fig. 1 ). An external, constant and uniform magnetic field B = B e x is applied along the transverse direction x (θ = 0). The wall of the cylinder is solid, smooth and electrically insulating. A periodicity is imposed between the inlet (z = 0) and the outlet (z = L z ) of the domain. Under the flow conditions specified later, we observe that the magnetic Reynolds number Re m = µ 0 σU b d 1 where µ 0 denotes the magnetic permeability of vacuum, σ the electrical conductivity of the fluid and U b the mean streamwise velocity. Under this condition, the inductionless form of the MHD equations described by the set of equations Eq. (1)- (4) can be used. The validity of this model has been confirmed in numerous works (see e.g. [2, 11] ). Additionally, numerical results of Knaepen [12] show that no significant deviations are observed for Re m ≤ 1 between the inductionless model and the full set of MHD equations. In the set of inductionless MHD equations, ρ is the density, ν the kinematic viscosity and σ the electrical conductivity of the fluid. The unknowns of the problem are the components of the velocity field u = (u z , u r , u θ ), pressure p and the scalar potential φ . This set of equations is accompanied by boundary conditions on the velocity field u(z, r = R, θ ) = 0 and ∂ φ ∂ n (z, r = R, θ ) = 0 where n stands for the external normal to the wall. Regularity conditions are imposed on the axis for velocity, pressure and electric potential.
Numerical method
The numerical solver is an extension to liquid metal MHD problems of the in-house hybrid Spectral/Finite Element Large-Eddy Simulation (SFELES). The main assumption in SFELES relies on a direction of periodicity in the flow and can simulate 3D flows associated with complex planar or axisymmetric geometries. In the present case, the cylindrical coordinates are used. The spatial discretization in SFELES is split into two different methods. First, a stabilized finite element method (linear interpolation on triangular elements FEM) is used in 2D meridional planes. The stabilization of the 2D finite element method is ensured by the traditional Streamline Upwind Petrov-Galerkin (SUPG) and Pressure-Stabilized Petrov-Galerkin (PSPG) formulations. Then, a collocated spectral method describes the problem in the azimuthal direction. This means that the unknowns q = {u z , u r , u θ , p, φ } are written under the following form
where I is the imaginary number, k is the wave number and θ max is the maximal azimuthal coordinate of the domain in the direction of periodicity. Moreover, because of the real-valued nature of the flow, the mathematical propertyq −k = [q] * k is used and divides by two the number of Fourier modes to be solved. The non-linear terms are treated through a pseudo-spectral approach with the 2/3 dealiasing rule. This leads to a decoupling of the discretized equations for each Fourier modeq k (z, r,t) in Eq. 
where M k , L k andĈ k are respectively the matrices resulting from the time-derivative dependent terms, the linear terms and the vectors resulting from the pseudo-spectral approach of all the non-linear terms and β s are coefficients specific to the explicit temporal integration scheme.
Numerical results
This section develops the numerical results obtained for a hydrodynamic Reynolds number Re b = u b d/ν = 8000 based on bulk velocity and pipe diameter and a Hartmann number 0 ≤ Ha = BR σ /ρν ≤ 100. A forcing term in the z-momentum equation ensures a constant Re b . The length of the pipe was set to L z = 5d. The simulation parameters are reported in Table 1 . All the following results were obtained by averaging in time over 100 convection time units and along the axial direction. The mean axial velocity component u z profiles (adimensionalized by the value on the axis) are represented in Fig. 2 as a function of the radial coordinate (adimensionalized by the radius of the pipe). Turbulent (Ha ≤ 10) and laminar (Ha ≥ 15) regimes are clearly distinct. The case Ha = 10 is slightly less rounded than the purely hydrodynamic flow. In the direction parallel to B, the laminar velocity profiles are flattened and the typical size of the Hartmann layer scales like O(Ha −1 ). In the direction perpendicular to B, the Hartmann number do not influence as much the velocity profiles as in the previous direction. The root-mean square of the axial ve- in Fig. 6 as a function of the ratio Ha/Re b . A very good agreement is observed between the present results and the other numerical / experimental values obtained for other Reynolds numbers. The laminar results fits with a line of higher slope than the theoretical value of 3π/8 found by Shercliff. This discrepancy between theoretical and numerical/experimental slope was also observed by [5, 6] . 
